We prove a quantification result for harmonic maps with free boundary and finite energy from arbitrary Riemannian surfaces into the unit ball of ℝ n+ . This generalizes results obtained by Da Lio [ ] on the disk.
Introduction
Let (M, g) be a smooth Riemannian surface with a smooth nonempty boundary with s connected components. We fix n ≥ and let n+ be the unit ball of ℝ n+ . A map u : (M, g) → n+ is a smooth harmonic map with free boundary if it is harmonic and smooth up to the boundary, u(∂M) ⊂ n and ∂ ν u is parallel to u (or ∂ ν u ∈ (T u n ) ⊥ ). The energy of such a map is defined as
Harmonic maps with free boundary are a natural counterpart of n -valued harmonic maps which are critical points of the energy E with the constraint that |u| = on the surface. The di erence is that one requires |u| = only on the boundary. Harmonic maps with free boundary appear naturally, for instance, as critical points of Steklov eigenvalues when the metrics stay in a fixed conformal class, as noticed by Fraser and Schoen [ ] . This is the counterpart of n -valued harmonic maps which are critical points for the Laplace eigenvalue when the variations of metrics lie in a fixed conformal class (see, for instance, Petrides [ ]) . There are also of course strong links between critical points of Steklov eigenvalues, harmonic maps with free boundary and minimal surfaces in an (n + )-ball with free boundary conditions. We refer once again to Fraser and Schoen [ ] .
We prove the following quantification result for harmonic maps with free boundary.
Theorem . . Let u m : (M, g) → n+ be a sequence of harmonic maps with free boundary, that is, u m (∂M) ⊂ n and u m is parallel to ∂ ν u m such that lim sup m→+∞ M |∇u m | g dv g < +∞.
Then, there is a harmonic map with free boundary u ∞ : M → n+ and • a family ω , . . . , ω l of / -harmonic maps ℝ → n ,
• a family a m , . . . , a l m of converging sequences of points on ∂M, • a family λ m , . . . , λ l m of sequences of positive numbers all converging to , such that up to the extraction of a subsequence,
where we identify ∂M to s copies of = ℝ ∪ {∞}, that is,
In particular, in the space of measures on the boundary, we have the convergence
where e i denotes the energy of the harmonic extension of ω i on ℝ + , noticing that a map ω on the real line ℝ × { } is / -harmonic if and only if its harmonic extension ω : ℝ + → n+ is harmonic with free boundary. Notice also that a harmonic map with free boundary and finite energy ω : ℝ + → n+ corresponds to a harmonic map with free boundary on the disk by Claim . below and the remark which follows it. Therefore, ω i is automatically conformal and, by Fraser and Schoen [ ], we get that ω i ( ) is an equatorial plane disk and that the energy of such a map satisfies
Thus, our result is indeed a quantification result analogous to those of Sacks and Uhlenbeck [ ] and Parker [ ] for n -valued harmonic maps, or of Laurain and Rivière [ ] for similar equations.
In the case of the disk, that is, (M, g) = ( , ξ), this theorem has already been proved by Da Lio [ ]. In this case, the correspondence between harmonic maps with free boundary on the disk with harmonic extensions of / -harmonic map on the real line is used. Denoting the corresponding energy as
Da Lio made use of another variational problem on the real line. This correspondence is no more true for general surfaces.
The proof of our theorem relies classically on an ε-regularity property. The proof also allows to prove a regularity result on weakly harmonic maps with free boundary. A map u : (M, g) → n+ is called weakly harmonic with free boundary if u(x) ∈ n for a.e. x ∈ ∂M and if
n for a.e. x ∈ ∂M. Such a map is a critical point for the above energy E with respect to the variations u t = π(u + tv) for any
a.e. x ∈ ∂M, where π(z) denotes the nearest point retraction to z in n+ for z ∈ ℝ n+ . Then, we have the following result.
Theorem . (Scheven [ ]) . A weakly harmonic map u : (M, g) → n+ with a free boundary is always smooth up to the boundary and thus is a classical harmonic map with free boundary.
This regularity theorem was originally proved by Scheven [ ] in an even more general context. See also the initial contribution of Duzaar and Ste en [ ]. This theorem is the analog of that of Hélein [ ] for n -valued harmonic maps. Another proof, in the case of the disk, was also given by Da Lio and Rivière [ ] using the correspondence already explained above. Our proof of this result is an adaptation of the proof of Scheven [ ]. However, we are more careful and precise in the regularity estimate, passing from a C ,α ε-regularity result to a C ε-regularity result. This is crucial in the proof of Theorem . .
As already said, harmonic maps with free boundary in the unit ball appear naturally as critical points of Steklov eigenvalues. Both our theorems are crucial in order to prove existence of regular metrics which maximize the k-th Steklov eigenvalue on a surface, either with a conformal class constraint or not, as was stressed by Fraser and Schoen [ ] . This is achieved in Petrides [ ].
Our paper is organized as follows. Section is devoted to the proof of Theorem . thanks to an ε-regularity result, see Claim . . We also obtain a crucial result of singularity removability in Claim . . Our proof is based on the rewriting of the equation with a suitable structure, see Claim . , permitting to use Wente's inequality, as studied carefully by Rivière [ ] . Section is then devoted to the proof of Theorem . . Capitalizing on the ε-regularity result, we are able to prove a no-neck energy result after having described the concentration phenomenon which may appear.
Regularity results
We denote by r (x) the Euclidean disk of radius r centered at x ∈ ℝ and we let r = r ( ) and = . On the upper half-space, we let + r = r ∩ (ℝ × ℝ + ) and + = + . We first recall a lemma proved by Scheven (see [ , Lemma . ] ), which states that a weakly harmonic map with free boundary and small energy cannot vanish close to the boundary ∂M.
Claim . (Scheven [ ]) . There exist ε and C > such that for any < ε < ε and any weakly harmonic map
To prove the regularity result, we will extend the weakly harmonic map u : (M, g) → n+ with free boundary by a symmetrization with respect to the boundary.
Since u is harmonic in the interior of M, it is smooth. It remains to prove that u is smooth at the neighbourhood of each point a ∈ ∂M. We take a conformal chart ϕ :
Applying Claim . , we can assume up to a dilation that
for all x ∈ + . In particular,ū does not vanish and we can define its extension in as
where σ(z) = z/|z| is the inversion with respect to the unit sphere n for z ∈ ℝ n+ and r(x) = (s, −t) and
Claim . . We have thatũ ∈ H ( ) and satisfies in a weak sense the equation
for ≤ i, j ≤ n + and satisfies in a weak sense the equation
Proof. We immediately have thatũ and X i,j satisfy
for ≤ j ≤ n + , both in a classical sense. It remains to prove that these equations are still true on in a weak sense. Thus, for ( . ), we need to prove that
For that purpose, we first remark that for any w ∈ L ∞ ∩ H ( , ℝ n+ ) we have by direct computations, using the change of variables by the reflection r, that
since σ ∘ũ =ũ ∘ r. More lengthy but straightforward computations also lead to
Then, applying ( . ) and ( . ) with w = v a and w = v e and using these last equalities, we have
and recalling that u is weakly harmonic with free boundary, we have + ⟨∇ũ, ∇v e ⟩ = , which clearly completes the proof of ( . ).
It remains to prove ( . ), that is,
and ⟨v i,j (x),ũ (x)⟩ = for x ∈ . This completes the proof of the claim.
Notice that this construction is similar to the one in Scheven [ ]. However, in Claim . , we give a suitable form to the equation that satisfies the symmetrized mapũ and we use its structure to prove an ε-regularity result that will be useful for the second part of the paper. This type of equations was intensively studied by Rivière (see [ ]).
Claim . . There is an ε > and a constant C k such that if a weakly harmonic map u with free boundary satisfies + |∇ũ | ≤ ε at the neighbourhood of a ∈ ∂M, thenũ ∈ C ∞ ( + / ) and
Proof. We fix < ε < ε that we shall choose later, where ε is given by Claim . , and we assume that
Let p ∈ / and < r < / . We let C ∈ H ( ) be such that
Wente's theorem applied to ( . ) and ( . ) gives the estimates
and
with K a universal constant. Here, we used ( . ). Moreover, by Rivière [ , Lemma VII. ] ,
Then, by Young's inequalities and ( . ), ( . ), we have
and an integration by parts on r (p) gives that
and we finally get
Since ‖A − ‖ ∞ ≤ thanks to ( . ), up to choosing ε = /( × K ), we get that
for any p ∈ / and < r < / . Thanks to Morrey estimates (see [ , p. ] ) and the elliptic regularity of the equation, knowing that |∇ ⊥ B| ≤ K|∇ũ | almost everywhere for some constant K, we get a constant C independent ofũ such that
Since by ( . ) we have − |∇ũ | = + |∇ũ | |ũ | , using ( . ) and setting ε = ε / , we get that
Finally, by elliptic regularity theory, we can bootstrap ( . ) thanks to the equation in the half-space, that is,
and get the claim.
Theorem . of course follows from this claim.
Thanks to Claim . , we also have a result of removability of singularities for harmonic maps with free boundary, which will be useful in the next section.
Claim . . Let the map u : M \ {a} → n+ with finite energy be such that
n for a.e. x ∈ ∂M. Then, u extends to a harmonic mapū : M → n+ with free boundary.
Proof. First, using Claim . , it is clear that u is smooth outside of a. We use in the sequel the same notation as above since the problem is purely local. Thus, we can assume that M = + , that the metric is Euclidean and that a = . By a direct scaling argument, using again Claim . and standard elliptic regularity theory for harmonic maps in the interior of + , there exists a constant C > such that Since ∇u ∈ L ( + ) by assumption, we deduce that
Then, by integrating by parts, we have
Using ( . ) and the fact that ∇u ∈ L ( + ), we can pass to the limit as r → to obtain that u is in fact a weak harmonic map with free boundary. It is thus regular thanks to Theorem . which we proved above.
Notice that thanks to Claim . , we have a correspondence between harmonic maps u : → n+ and v : ℝ + → n+ with free boundary via the conformal map f :
Finally, Claim . reveals an energy gap for harmonic maps with free boundary on disks. If a harmonic map with free boundary ω :
then ω is a constant map. Indeed, by Claim . and an obvious scaling argument, we get that
for all R > for some fixed constant C . Letting R → +∞, gives that ω is constant.
The quantification phenomenon
In this section, we aim at proving Theorem . .
Step . Points of concentration. Since the energy of the sequence (u m ) of harmonic maps with free boundary is bounded, we only have a finite number of points, denoted by a , . . . , a q , such that lim sup
for all r > . Notice that a i ∈ ∂M for any ≤ i ≤ q. Indeed, if a i ∈ M \ ∂M, then, since u m is harmonic, elliptic regularity theory gives a constant C independent of m such that
where δ = d(a i , ∂M) > , so that (∇u m ) is uniformly bounded on B g (a i , δ/ ). This contradicts ( . ). By ε-regularity around each point of ∂M \ {a , . . . , a q } (see Claim . ), we get that
where u ∞ satisfies the hypothesis of Claim . , so that u ∞ extends to a harmonic map with free boundary in C ∞ (M, ℝ n+ ).
Step . Blow-up around a i ∈ ∂M. We take a conformal chart ϕ i :
where w i is some smooth function and ξ is the Euclidean metric,
We fix ≤ i ≤ q and we letū i
We choose r i > small enough such that for any j ̸ = i we have ϕ i (a j ) ∉ + r i and at the neighbourhood of a i ∈ ∂M we also have
Since a i satisfies ( . ), we can take λ i m such that
Notice that λ i m → as m → +∞.
Indeed, if lim sup m→+∞ λ i m > , by the definition of r i and ( . ), passing to the limit in ( . ) would contradict ( . ).
We setũ i m (x) =ū i m (λ i m x) for x ∈ ℝ + . Sinceũ i m is harmonic with finite energy, elliptic estimates prove thatũ i m does not concentrate on ℝ × ( , +∞). Moreover, by ( . ) and Claim . ,ũ i m does not concentrate on ℝ + \ (− , ) × { }. Therefore, outside some concentration points a i, , . . . , a i,q i ∈ (− , ) × { }, we havẽ
Let f : ℝ + → be the conformal map defined by
Then,ũ i ∞ ∘ f − satisfies the hypotheses of Claim . on \ { , f(a i, ) , . . . , f(a i,q i )} so thatũ i ∞ ∘ f − extends to a harmonic map with free boundary in C ∞ ( , ℝ n+ ). Thanks to ( . ), ( . ) and Claim . , we have
so that by ( . ) and ( . ) for R large enough, we have
In particular,ũ i ∞ is a nonconstant function, which is a / -harmonic map on the boundary (one of the / -harmonic maps ω j given by Theorem . ).
Step . Iteration. As a classical bubble tree extraction (see [ ]), we have two cases. Either there are concentration points and we go back to Step at the neighbourhood of each a i,j or there are no concentration points for the sequence (ũ i m ) (that is, q i = in Step ) and the process stops. This process has to stop since at every new concentration point, we get a bubble whose energy is at least ε / by ( . ).
Finally, we state a no-neck-energy lemma which concludes the proof of Theorem . . Step . We have lim R→+∞ lim sup m→+∞ δ m,R = .
( . )
Proof of
Step . Notice that R → δ m,R and R → lim sup m→+∞ δ m,R are nonincreasing. We proceed by contradiction, assuming that ( . ) is false. Then, there exists a subsequence (m α ) α≥ converging to +∞ such that
for some fixed ε > . Let z α ∈ m α ,α be such that δ m α ,α = |z α ||∇u m α |(z α ). It is clear that
as α → +∞. We letū α (x) = u m α (|z α |x) so that, by Claim . , we havē
whereū ∞ is harmonic with free boundary. Then, after passing to a subsequence, since we have
we get that |∇ū ∞ (z)| ≥ ε thanks to ( . ). By ( . ), we have
so that by the remark at the end of Section ,ū ∞ should be constant. This is a contradiction which completes the proof of this step.
Step . We have lim
Step . We easily check that
for any m and R, so that ‖∇u m ‖ L ,∞ ( m,R ) ≤ πδ m,R and we get ( . ) thanks to Step .
Step . We have lim sup
Step . Here, we use the symmetrization process given by Claim . Up to a scaling and since we are interested only in large m and large R, and in order to simplify the notation, we may assume that R = and m = . We set now
Applying the computations of Claim . , we get for ≤ j ≤ n + that
in a weak sense, where A m is defined by 
Wente's estimates involving the L , -norm on the disk for ( . ) with the estimates ( . ) on the extensions u m and A m and L , -Wente's estimates on the annulus (see [ , Lemma . ] ) for ( . ) give constants K and K independent of m such that
Since v m is harmonic, we get a Fourier series 
